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ABSTRACT. We consider the Hamiltonian of a system of three quantum mechanical par- 
ticles on the three-dimensional lattice 1? interacting via short-range pair potentials. 

We prove for the two-particle energy operator h(k), k £ T 3 the two-particle quasi- 
momentum, the existence of a unique positive eigenvalue z(k) lying below the essential 
spectrum under assumption that the operator h(0) corresponding to the zero value of k has 
a zero energy resonance. 

We describe the location of the essential spectrum of the three-particle discrete Schrodinger 
operators H(K),K the three-particle quasi-momentum by the spectra of h(k), k £ T 3 . 

We prove the existence of infinitely many eigenvalues of H(0) and establish for the 
number of eigenvalues N(Q, z) lying below z < the asymptotics 

lim = Ao f 

| log |*| | 2tt 
where Ao a unique positive solution of the equation 

8sinh7rA/6 
— — p= • 

V3cosh7rA/2 

We prove that for all K e C/°(0), where U$(0) some punctured 8 > neighborhood 
of the origin, the number N(K, 0) of eigenvalues the operator H(K) below zero is finite 
and satisfy the asymptotics 

N(K,0) Ao 
lim ■ — - = — . 
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1. Introduction 

We consider a system of three identical particles (bosons) on the three-dimensional 
lattice Z 3 interacting by means of short-range pair attractive potentials. 

The main goal of the present paper is to prove the finiteness or infiniteness (Efimov's 
effect) of the number of eigenvalues lying below zero (the bottom of the essential spectrum 
of H({))) of the three-particle discrete Schrodinger operator H(K) depending on the total 
quasi-momentum K 6 Ug(0), where Us(0) a S > neighborhood of the origin. 

Efimov's effect is one of the remarkable results in the spectral analysis for three-particle 
Schrodinger operators associated to a system of three particles moving on Euclid space K 3 
or integer lattice Z 3 : if none of the three two-particle Schrodinger operators (corresponding 
to the two-particle subsystems) has negative eigenvalues, but at least two of them have a 
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zero energy resonance, then this three -particle Schrodinger operator has an infinite number 
of discrete eigenvalues, accumulating at zero. 

Since its discovery by Efimov in 1970 ifTTI much research have been devoted to this 
subject. See, for example lEU [g] [8l |T3] [23] Egl E21 EU [29l . 

The main result obtained by Sobolev l26ll (see also ll28ll ) is an asymptotics of the 
form Uo|Zog|A|| for the number of eigenvalues below A, A < 0, where the coefficient Ho 
does not depend on the two-particle potentials v a and is a positive function of the ratios 
mi/rozi of the masses of the three-particles. 

Recently the existence of Efimov's effect for TV -body quantum systems with N > 4 has 
been proved by X.P. Wang in 1 30 1 . 

In fact in l30ll for the total (reduced) Hamiltonian a lower bound on the number of 
eigenvalues of the form Co\log(Eo — A)| is given, when A tends to Eq, where Co is a 
positive constant and Eq is the bottom of the essential spectrum. 

The kinematics of quantum particles on lattices, even in the two and three-particle sec- 
tor, is rather exotic. For instance, due to the fact that the discrete analogue of the Laplacian 
or its generalizations are not translationally invariant, the Hamiltonian of a system does not 
separate into two parts, one relating to the center-of-mass motion and the other one relating 
to the internal degrees of freedom. 

As a consequence any local substitute of the effective mass-tensor (of a ground state) 
depends on the quasi-momentum of the system and, in addition, it is only semi-additive 
(with respect to the partial order on the set of positive definite matrices). This is the so- 
called excess mass phenomenon for lattice systems (see, e.g., l20l and 122]): the effective 
mass of the bound state of an iV-particle system is greater than and in general, not equal to 
the sum of the effective masses of the constituent quasi-particles. 

The three-body problem on lattices can be reduced to the effective three-particle Schrodinger 
operators by using the Gelfand transform. The underlying Hilbert space £ 2 ((Z d ) 3 ) is 
decomposed as a direct von Neumann integral associated with the representation of the 
discrete group Z 3 by shift operators on the lattice and the total three-body Hamiltonian 
appears to be decomposable. In contrast to the continuous case, the corresponding fiber 
Hamiltonians H(K) associated with the direct decomposition depend parametrically the 
quasi-momentum, K 6 T 3 = (— 7r, it} 3 , which ranges over a cell of the dual lattice. Due 
to the loss of the spherical symmetry of the problem, the spectra of the family H(K) turn 
out to be rather sensitive to the quasi-momentum K 6 T 3 . 

In particular, Efimov's effect exists only for the zero value of the three-particle quasi- 
momentum K, which is proven for Hamiltonians of a system of three particles interacting 
via pair zero-range attractive potentials on Z 3 (see, e.g., ||2[4][T6][T8][T9][20] f° r relevant 
discussions and [39, 10, 1520 2122 24] for the general study of the low-lying excitation 
spectrum for quantum systems on lattices). 

Denote by r(K) the bottom of the essential spectrum of the three-particle discrete 
Schrodinger operator H(K), K S T 3 and by N(K, z) the number of eigenvalues lying 
below z < t(K). 

The main results of the present paper are as follows: 

(i) the operator H(0) has infinitely many eigenvalues below the bottom of the essential 
spectrum and for the number of eigenvalues N(Q, z) lying below z < the asymptotics 



lim 

2^-0 
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holds, where Ao a unique positive solution of the equation 

8sinh7rA/6 
V3cosh ttX/2 

This result is similar to the asimptotics founded in the continuous case by Sobolev (26]; 

(ii) for some punctured 5 > neighborhood Ug(0) of the origin and for all K E Ug(0) 
the number N(K, 0) is a finite and satisfy the following asymptotics 

,. N(K,0) Ao 

lim ; — - = — . 

|K|-»0 | log \K\\ 7T 

This result is characteristic for the lattice system and does not have any analogue in the 
continuous case . 

We underline that these results are in contrast to similar results for the continuous three 
particle Schrodinger operators, where the number of eigenvalues does not depend on the 
three-particle total momentum K 6 R 3 . 

Moreover these results are also in contrast with the results for two-particle operators, 
in which discrete Schrodinger operators have finitely many eigenvalues for all k E Ug(0), 
where Us(0) = {K € T 3 : \K\ < 6} is a 5— neighborhood of the origin. 

Note that to prove these results in the present paper we derive an asymptotics of the 
Birman-Schwinger operator G(k, 0) resp. G(0,z) as k — > resp. z — > 0. In particular, 
we prove that the operator valued function G(k, 0) resp. G(0, z) is differentiable in |fc| at 
k = S T 3 resp.in z at z = 0. 

This result has been proved in the continuum case (see [26, 28]) using resolvent expan- 
sion established in IT2l . 

The organization of the present paper is as follows. 

Section 1 is an introduction. 

In Section 2 we introduce the Hamiltonians of systems of two and three-particles in 
coordinate and momentum representations as bounded self-adjoint operators in the corre- 
sponding Hilbert spaces. 

In Section 3 we introduce the total quasi-momentum and decompose the energy opera- 
tors into von Neumann direct integrals, choosing relative coordinate systems. 

In section 4 we introduce the concept of a zero energy resonance (threshold resonance). 
In Section 5 we state the main results of the paper. 

In Section 6 we study spectral properties of the two-particle discrete Schrodinger op- 
erator h(k), k E T 3 . We prove the existence of a positive eigenvalue below the bottom of 
the essential spectrum of h(k), k € T 3 (Theorem 15. It and obtain an asymptotics for the 
Birman-Schwinger operators associated to h(k), k E T 3 . 

In Section 7 we introduce the channel operator and describe its spectrum by the spec- 
trum of the two-particle discrete Schrodinger operators (Theorem l5.21 >. 

In Section 8 we prove the Birman-Schwinger principle for the three identical particle 
Schrodinger operator on lattice Z 3 . 

In Section 9 we derive the asymptotics for the number of eigenvalues N(0, z) resp. 
N(K, 0) of H(0) as z -> resp. H(K) as \K\ -»■ (TheoremESresp.TheoremEl. 

Throughout the present paper we adopt the following notations: We denote by T 3 the 
three-dimensional torus, i.e., the cube (— n, ir] 3 with appropriately identified sides. The 
torus T 3 will always be considered as an abelian group with respect to the addition and 
multiplication by real numbers regarded as operations on the three-dimensional space M 3 
modulo (2ttZ) 3 . 
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For each (sufficiently small) S > the notation U&(0) = {K e T 3 : < 5} 
stands for a 6— neighborhood of the origin and U§(0) = Us(0) \ {0} for a punctured <5— 
neighborhood. The subscript a (and also (3 and 7) always runs from 1 to 3 and we use the 
convention a. 

2. Description of the energy operators of two and three arbitrary 
particles on a lattice and formulations of the main results 

Let Z 3 be the three-dimensional lattice and let (Z 3 ) m , m £ N be. the Cartesian ra- 
th power of Z 3 . Denote by £ 2 ((Z 3 ) m ) the Hilbert space of square-summable functions 
ip defined on (Z 3 ) m and let £|((Z 3 ) m ) C £ 2 {{Z 3 ) m ) be the subspace of symmetric func- 
tions. 

The free Hamiltonian ho of a system of two identical quantum mechanical particles on 
the three dimensional lattice Z 3 is defined by 

{h 0, $){xp,x^) = - ^2 [2$(xp,x-y)-'<P(xp+s,x- r )-$(xi3,x- / +s)}, i> G £ { 2 \{1 3 ) 2 ). 

\s\ = l 

The Hamiltonian h of a system of two quantum-mechanical identical particles interact- 
ing through a short-range pair potential v is usually associated with the following bounded 
self-adjoint operator on the Hilbert space 6f* ((Z 3 ) 2 ) and has form 

(2.1) h = h°-v, 
where 

{vip)(xf3,x^) = v(xp - x J )ii{xp,x 1 ) 1 $ G £^ S \(Z 3 ) 2 ). 

The free Hamiltonian Hq of a system of three identical quantum mechanical particles 
on the three-dimensional lattice Z 3 is defined by 

(H 4>)(x 1 ,x 2 ,x 3 ) 

= 2 X] [3^(;ri,a;2,a;3) - \j}{xi + s,x 2 ,x 3 ) - ip(x 1 ,x 2 + s,x 3 ) - ijj(x 1 ,x 2 ,x 3 + s)], 
l*l=i 

rPe£i s \(Z 3 f). 

The Hamiltonian H of a system of three quantum-mechanical identical particles with 
the two-particle interaction v — v a = V^, a, (3, 7 = 1, 2, 3 is a bounded perturbation of 
the free Hamiltonian Hq 

(2.2) h = H -Vi-V 2 - %, 

where V a = V, a = 1, 2, 3 is multiplication operator on £ 2 S ' ((Z 3 ) 3 ) defined by 

(V4>)(xi,X2,x 3 ) = V(X(3 - x~ f )ip(xi,x 2 ,x 3 ),ijj G £^ 2 \(Z 3 ) 3 ). 
Hypothesis 2.1. The function v(s) is a real, even, nonnegative function on Z 3 and verify 

lim |s| 3+e w(s) = 0, > -. 

\s\ — >oo 2 

Remark 2.2. It is clear that under of Hvpothesis \2.l] the two- resp. three- particle Hamil- 
tonian ( 12. It resp. j2.2\ is a bounded self-adjoint operator on the Hilbert space £ 2 S \(Z 3 ) 2 ) 
resp. 4 S) ((Z 3 ) 3 ). 

Remark 2.3. We note that Hypothesis 12.71 are far from being optimal, but we will not 
discuss further this point here. 
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2.1. The momentum representation. Let (T 3 ) m , m e N be the Cartesian m-th power 
of the torus T 3 = (-7r,7r] 3 and let L 2 s) ((T 3 ) m ) C L 2 ((T 3 )" 1 ) be the subspace of sym- 
metric functions. 

Let 9 m : L 2 ((T 3 ) m ) -> f 2 ((Z 3 ) m ) be the standard Fourier transform. Since the sub- 
space L 2 s) ((T 3 )" 1 ) is invariant with respect to the group 3 r m , i.e., J TO L^((T 3 ) m ) C 
4 s) ((Z 3 ) m ), we denote by 3^ the restriction of 3 m on to the subspace L { 2 s) ((T 3 )" 1 ). 
We easily check that 

^:L 2 s) ((T 3 D^4 s) ((Z 3 r). 
The two-resp. three-particle Hamiltonians in the momentum representation are given 
by bounded self-adjoint operators on the Hilbert spaces ((T 3 ) 2 ) resp. L 2 s) ((T 3 ) 3 ) as 
follows 

resp. 

H = (r 3 y 1 Hr 3 . 

The two-particle Hamiltonian h is of the form 

h = h°-v. 

The operator h° is the multiplication operator by the function e(fci) + e(k 2 ) '■ 

(h°f)(k 1 ,k 2 ) = (8(h) + e(k 2 ))f(k u k 2 ), f e 4 S) ((T 3 ) 2 ), 

where k a , a = 1, 2 is the quasi-momentum of the particle a. 
The integral operator v is of convolution type 

(«/)(fc /J) fe r ) = (27r)-i y v{k (i -k l fj )5{k (i + k 1 ^k' p -k l 1 )f{k l (j ,k' 1 )dk l p dk l 1 , 

( T 3)2 

/GL 2 S) ((T 3 ) 2 ), 

where <5(-) denotes the Dirac delta-function at the origin. 

The functions e(k) and v(k), are given by the Fourier series 

3 

e(k) = - cosfcW)), v(jfe) = (27r)- 3 / 2 ^ fi (s) e i( - k ' s \ 

3 = 1 s&? 

with 

(M = ^ 3 =1 fc (j) s (j) , fc = (fc«,fc^,fc( 3 )) e T 3 , s = ( S W, S ( 2 ), S ( 3 )) e Z 3 . 

The three-particle Hamiltonian H is of the form 

H = H Q — V\ — V 2 — V 3 , 
where H is the multiplication operator by the function J2a=i e (^«) 

3 

(H f)(k 1 ,k 2 ,k 3 ) = ^2e(k a )f(k l7 k 2 ,k 3 ), 

a=l 

(y/)(fc 1 ,fc 2 ,fc 3 ) = (27r)-i y v{k (i -k' p )x 

x «5(fc a - + fc, - *fc - k^fik^k^k'^dk'.dk'^, f e ^((T 3 ) 3 ). 
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3. Decomposition of Hamiltonians into von Neumann direct integrals, 
quasimomentum and coordinate systems 

Given m e N, denote by U™, t e Z 3 the unitary operators on the Hilbert space 
4((Z 3 ) m ) defined by: 

(Urf)( ni ,n 2 , ...,n m ) = f(n 1+ t,n 2 +t, ...,n m +t), f G i 2 {{I?) m )- 
We easily see that 

U™ T = UrU™, t,reZ 3 , 

i.e., U™,t e Z 3 is a unitary representation of the abelian group Z 3 in the Hilbert space 
l 2 {{Z 3 ) m ). Since £ 2 s) ((Z 3 )" 1 ) is invariant with respect to the group £/ t "\ t G Z 3 , i.e., 

C/ t m 4 S) (( z3 r) C ( { 2 s) {{I?) m ), 

we denote by U£ the restriction of £/ t m to the subspace 4 s) (( z3 ) m )- 

Via the Fourier transform 3 m the unitary representation of Z 3 in 6^ ((Z 3 )" 1 ) induces a 
representation of the group Z 3 in the Hilbert space L 2 s \(T 3 ) m ) by unitary (multiplication) 
operators U% = (J^)" 1 ^™^, t G Z 3 given by: 

( u Ztf)(ki,k 2 , k m ) = exp ( - i(t, h + k 2 + ... + k m ))f(k 1 ,k 2 , k m ), 

f G 4 s) ((T 3 ) m ). 

Denote by K = k\ + k 2 + ... + k m G T 3 the fofa/ quasi-momentum of the m particles 
and define as follows 

F™ = {(fcx, fc ro _ 1; K -h- ... - fc ro _!)G(T 3 ) m : 

fci, fc 2 , G T 3 , K - ki - ...km-i G T 3 }. 

Decomposing the Hilbert space L 2 S ' ((T 3 ) m ) into the direct integral 

i W(( T 3)"») = /* ©4 s) (F£)dif 

yields the decomposition of the unitary representation f7Jj? , t G Z 3 into the direct integral 

C0t= / ®U t (K)dK, 
J Kef 3 

where 

C/ t (^)=expH(i,^))/ on 4 S) (F^) 
and I = I T (s) , wm s denotes the identity operator on the Hilbert space iffi (¥ r 3). 

The above Hamiltonians /i and H obviously commute with the groups of translations 

U 2 t , t G Z 3 and Uf t , t G Z d respectively, i.e., 

U 2 st h = W 2 sV tez 3 

and 

U 3 t H = HU 3 tl tez 3 . 
Hence, the operators /i and H can be decomposed into the direct integrals 

(3.1) h= J ®h{k)dk and ff= J ®H{K)dK 

fceT 3 ifeT 3 
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with respect to the decompositions 

4 S) (T 3 )= J ®4 s \¥l)dk, and L^((T 3 ) 2 ) = J ®L^{¥ 3 K )dK 
feeT 3 Kef 3 

respectively. 

We introduce the mapping 

n W : (T 3 ) 2 _ T 3 , ^((fc^))^ 

resp. 

^(3) . (T 3j3 ^ (T 3 )2j 7r (3)(( fcQ)A . /3;A . 7 )) = (fc QJ ^). 

Denote by 7r^, 2 ' ) , k S T 3 resp. 7n^ , if £ T 3 the restriction of 7i"( 2 ) resp. 7r( 3 ) onto 
F 2 C (T 3 ) 2 resp. ¥ 3 K C (T 3 ) 3 , i.e., 

4 2 W 2 V fc resp. t^W 3 ^. 

At this point it is useful to remark that F|, k £ T 3 resp. ¥\, K £ T 3 is three resp. 
six-dimensional manifolds isomorphic to T 3 resp. (T 3 ) 2 . 

Lemma 3.1. The mapping tt^ , k £ T 3 resp. n$ , K £ T 3 arebijectivefrom¥\ C (T 3 ) 2 
resp. ¥ 3 K C (T 3 ) 3 onto (T 3 ) 2 resp. T 3 w/f/i the inverse mapping given by 

{^ ) r i {k p ) = {kp,k-kp) 

resp. 

(^K)~ 1 (k a ,k0) = (k a ,kp,K - k a - hp). 

3.1. The fiber operators. The fiber operators h(k), k £ T 3 , from the direct integral 
decomposition d3.lt are unitarily equivalent to the operators h(k), k £ T 3 , of the form 

(3.2) h(k) = h°(k) -v. 

Let L e 2 (T 3 ) c L 2 (T 3 ) be the subspace of even functions. The operators h°(k) and v 
are defined on the Hilbert space L?,(T 3 ) by 

(h°(k)f)(kp) = E k {kp)f{k (3 ), f £ L*(T 3 ), 

where 

(3.3) ^k(kp)=e(^-kp)+e(^ + kp) 
and 

(vf)(kp) = (27r)-i J v(kp - k' )f(k'p)dk'p, f £ L«(T 3 ). 

T 3 

The fiber operators H(K), K £ T 3 from the direct integral decomposition ( 13.11 ) are 
unitarily equivalent to the operators H(K), K £ T 3 , and are given by 

H(K) = H a (K)-V 1 -V 2 -V 3 . 

The operators Hq(K) and V Q = V, a = 1,2,3, are defined on the Hilbert space 
£|((T 3 ) 2 ) = L 2 {T 3 ) (g) L C 2 {T 3 ) and in the coordinates (k a , kp) £ (T 3 ) 2 have form 

(3.4) (H (K)f)(k a , kp) = E(K; k a ,kp)f(k a , kp), f £ L e 2 ((T 3 ) 2 ), 

E(K; k a ,kp) = e(K - k a ) + - kp) + + kp) 
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and 

(3.5) V = I®v, 

wher ®— is the tensor product and / = Il 2 (t 3 ) is me identity operator in L2CT 3 ). 

Later on all our calculations will be carried out in the configuration space, i.e., in a 
six-dimensional manifold C (T 3 ) 3 isomorphic to (T 3 ) 2 . As coordinates in F 3 ^- we 
will choose one of the three pairs of vectors (k a ,kp) which run independently through the 
whole space T 3 (if it does not lead to any confusion we will write (p, q) instead of (k a , hp). 

4. The concept of a zero energy resonance 

We introduce the concept of a zero energy resonance {threshold resonance) for the 
(lattice) two-particle operator h(0) defined by |3.2l 

We remark that under Hypothesis 12. 1 1 the sequence {v(s)} sG z 3 of the Fourier coeffi- 
cients of the continuous function v(p) is an element of iiij?) and then the equality 



(4.1) v(p) = (2tt)-4 J2 «( s ) ei(p ' s) > 

should be understood as follows: the L 2 (T 3 ) -function (27r)~2 ^ sSZ3 v(s)e^ p ' s ^ has the 
continuous representative v (p) . 

Since the function £-k(q) has a unique non-degenerate minimum at the point q = | for 
any k £ Us{0) and z < £ m i„(fc) the integral 

(m\ n< u \ 1 f v*(p-t)vi(t-q)dt 

(4.2) G(p,q;k,z)- 



(2tt) 3 J £ fc (t) - z 

T 3 

is finite, where 

(4.3) v?(p) = (2tt)-* J2 vH*y (p ' s) 

sGZ 3 

is the kernel of the operator . 

We define the integral operator G(k, z) in L|(T 3 ) by 

(4.4) G(k, z)f(p) = J G(p, q; k, z)f(q)dq. 

T 3 

Lemma 4.1. The operator G(k, z), k € U$(0), z < E mm (k) acts in L|(T 3 ), is positive, 
belongs to the trace class Si, is continuous in z from the left up to z — £ m i n (fc). 

Proof. Lemma I6TT1 can be proven in the same way as Theorem 4.5 in 0. □ 

Remark 4.2. Clearly, the operator h(0) has an eigenvalue z < £o(0) = 0, i.e., 
Ker(/i(0) — zl) ^ 0, if and only if the compact operator (7(0, z) on L|(T 3 ) has an 
eigenvalue 1 and there exists a function %j) G Ker(J — G(0, z)) such that the function f 
given by 

m = g*M a . e . , eT 3 , 

belongs to L 2 (T 3 ). In this case f S Ker(/i(0) - zl). 
Moreover, if z < 0, f/zen 

dimKer(/i(0) - zl) = dimKer(7 - £7(0, z)) 
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and 

Kcr(MO) - zl) = {/ | /(•) = ^f (0 , $ E Ker(J - G(0, 2))}. 



/n f/;e case of a threshold eigenvalue z = equality (14.21 ) may fail to hold. 
Therefore equality (14.2b should be replaced by the inequality 

dimKer(/i(0)) < dimKer(7 - G(0,0)). 

Definition 4.3. 77ie operator h(0) is said to have a zero energy resonance ( at the threshold) 
ifl is an eigenvaluef single or multiple) o/G(0, 0) and at least one (up to a normalization) 
of the associated eigenfunctions %j) satisfies the condition 

i.e., 

1 < dimKer(I - G(0, z)) > dimKer(/i(0) - zl) + 1. 

Remark 4.4. The operator h(0) has a zero energy resonance, if and only if the point 1 
is a simple eigenvalue of the operator G(0, 0) and the corresponding eigenfunction %j) £ 
L^T 3 ) satisfies the condition J v 1 ^ 2 (p)^p(p)dp ^ 0. 

5. Statement of the main results 

We set: 

E min (K)= min E{K,k a ,kp), E max (K)= max E(K,k a ,kp). 
Our main results are as follows. 

Theorem 5.1. Assume Hvpotheses \2.1\ Let h(0) have a zero energy resonance. Then for 
all k £ ^5(0) the operator h(k) has a unique positive eigenvalue z(k) lying below the 
essential spectrum. Moreovere z(k) is analytic in Ug(0). 

Theorem 5.2. For the essential spectrum a ess (H(K)) of H(K),K 6 T 3 the following 
equality holds 

a ess (H(K)) = (J {a d (h(p))+e(K -p)}U[E mm (K),E max (K)], 

pGT 3 

where ad(h(k)) is the discrete spectrum of the operator h(k), k G T 3 . 

We denote by N(K, z) the number of eigenvalues of H(K) , K £ T 3 below z < t(K) , 
where 

(5.1) T(K)=Ma ess (H(K)). 

Theorem 5.3. Assume Hypotheses \2.1\ and that the operator h(0) has a zero energy reso- 
nance. 

Then the operator H(0) has infinitely many eigenvalues lying below the bottom of the 
essential spectrum and the function N(0, z) obeys the relation 

(5-2) Hxn ^4 = 

*— Q |log|.z|| 2?r 

where Ao the unique positive solution of the equation 

8 sinli7rA/6 



(5.3) A 



V3 cosh 7r A/2 
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Theorem 5.4. Let the conditions of The orem \5.3\ fulfilled. Then for all K € Ug(0) the 
number N(K, 0) is finite and the following asymptotics holds 

( 5 - 4 ) , lim n — hfv\ = — • 

\K\-+0 j log l-fiTjl 7T 



6. Spectral properties of the two-particle operator h(k) 

By Weyl's theorem the essential spectrum cr ess (h(k)) of the operator h(k), k £ T 3 de- 
fined by ( 13.2b coincides with the spectrum a{ho(k)) of the non-perturbed operator ho(k). 
More specifically, 

(7 ess (/l(fc)) = [£ min (fc), £max(fc)], 

where 

Emin(fc) = min £fc(p), £ max (fc) = max£ fc (p) 

pST 3 pGT 3 

and £fc (p) is defined by (13.3l i. 

We denote by ro(fc, z) resp. r(fc, z) the resolvent of the operator ho(k) resp. h(k). 
Recall the operators ro(k, z) and r(k, z) are connected by the following relations 

(6.1) r(k, z) = ro(k, z) + ro(k, z)vr(k, z) = ro(fc, z) + r(k, z)vra(k 1 z). 
Set 

w(k, z) = I + u 5 r(fc, z)w 5 . 
The resolvent relation ( I6.lt yields 

w(fc, z) = (I — u'r (fc, 
For a bounded self-adjoint operator A, we define n(A, j4) as 

(6.2) n(X,A) = sup{dimF : (Au,u) > A, u € F, \\u\ \ = 1}. 

The number n(A, A) is equal the infinity if A is in the essential spectrum of A and if ?i(A, A) 
is finite, it is equal to the number of the eigenvalues of A bigger than A. 

The following lemma is the Birman-Schwinger principle for the two-particle Schrodinger 
operators on the lattice Z 3 . 

Lemma 6.1. For any z < £ m i n (fc) the following equality holds 

n{-z,-h(k)) = n(l,G(k,z)), 
where G(k, z), z < £ m i n (fc) is defined by ( 14.41 ). 

Proof. Lemma [6*T| can be proven in the same way as Theorem 4.5 in (5). □ 

Proof of Theorem |5.1| By the assumptions of Theorem |5. li the equation 

G(0, 0)ip = v*r (0, 0)v^ = $ 
has a nonzero solution tp E L^T 3 ). One has 

T 3 
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with the continuous function (v^ip)(-) on T 3 . Then 

(u3ro(fc,£mm(fc))u , i/', i>) 

\(viip)(p)\ 2 dp _ f \(viiP)(p)\ 2 dp 



£ fc (p) - £ mi „(fc) J s J2 3 l=1 2(1 - cos Pl )cos(k l /2) 



\(v'i>)(jp)\ 2 dp f \(v2ip)(p)\ 



> j e?_! 2(1-^) = y -e^r* = ^ ^ 

By definition of ( 16.21 ) this means that n(l,v^r (k, £ m ui(&))^ 3 ) > 1- By the Birman- 
Schwinger principle one concludes that h(k), k ^ Ohas an eigenvalue lying below £ m i n (fc). 
One checks that the equality 

(h(k)f, /) = J e(| + g) | /(g) | 2 dg + J e(| - g) | /(g) | 2 dg 



T 3 T 3 

'4( 



V(P - q)f(q)f(p)dqdp, / S L§(T^ 

T 3 T 3 



holds. Since the function / is even, making a change of variables in the integrals in the 
r.h.s.of the latter equality, we have 

(h(k)f,f) = (h(0)g,g)>0, 

where g(q) = /(| - g). This means that h(k) > for any k e T 3 \ {0}. 

The operator G(k, 0), k S J7<5 (0) is analytic in [7,5(0) and hence by the theorem [25 1 the 
eigenvalue z{k) is unique and analytic in k E Ug(0). □ 

Denote by G\ the operator with the kernel 

(6.3) G 1 (p,j/) = ~vi(p)v^(j/). 

The following asymptotics plays a crucial role in the proof of the main result (Theorem 
E!and[53]l(see also El). 



Lemma 6.2. Assume Hypotheses \2.1\ 

(i) For all k G Ug(0) the following decomposition holds 

(6.4) G(k, 0) - G(0, 0) + i|*|Gi + |fc| 2 C7 2 (fc), 

where the operator G*2(fc) is continuous in k S Ug(0). 

(ii) For all z < the following decomposition holds 

G(0,z) = G(0,0) + Gi(-z)3 + {-z)i +9l G 2 (z), 9i < 6, 
where the operator G%(z) is continuous in z < 0. 

Proof. For any k € ?7«(0) the function £fc(g) has a unique non-degenerate minimum at 
qk — f . Therefore, by virtue of the Morse lemma (see [14]) there exists a regular one-to- 
one mapping q = ip(k; t) of a certain ball W 7 (0) of radius 7 > with the center at the 
origin to a neighborhood W(qk) of the point qk such that 

(6.5) £ fe (¥>(M)) =* 2 + £mi„(fc) 
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with (p(k; 0) = and for the Jacobian J(cp(k; t)) of the mapping q = (p(k; t) the equality 
(6.6) J(<p(k,0))= ' 



fct 1 ) fe( 2 ) fc<3) 

COS— ^ — COS-^ — COS — 



holds. 

Since the function £o( - ) nas a unique non-degenerate minimum at t = by dominated 
convergence the finite limit 

G(p,5;0,0) = limG(p,«;M) 

K — >0 

exists for all p,q £ T 3 . 

For all p, 5 <E T 3 the following inequalities 

(6.7) |G( P ,«;A > Q)-G!(p,g;0 1 0)|<C|A| ) 

Q Q 

(6.8) \ G (p,q;k,0)---G(p,q;0,0)\ < C\k\\ k £ U s (0) 

hold for some positive C independent of p and q. 

Indeed, the function G(p, q; •, 0) can be represented as 

G(p, q; k, 0) = Gx (p, g; fc, 0) + G a (p, g; fc, 0) 

with 
and 

1 /" V2{p—t)v2{t — q)dt 

(2wf J £^) 

Since for any k £ U$(0) the function £&(•) is continuous on the compact set 
T 3 \ W(qk) and has a unique minimum at qu £ Us{0) there exists M = const > such 
that 

inf £ fe (g) > M. 

q<£T 3 \W(q k ) 

Then for all p, q £ T 3 we have 

(6.9) \G 2 {p, g; k, 0) — G 2 (p, g; 0, 0)| < Ck 2 , k £ Us{0) 

for some C > independent of p, g S T 3 . 
For all p, q £ T 3 we consider 

(6.10) 

1 /" (£ (i) -£*(«))«»(?-*)«»(*-«)* 



Gi (p, g; fc, 0) - Gi (p, g; 0, 0) = . „ , , r , 

(2-7T)- 3 7 L k (t)t {t) 

W(q k ) 

In the integral in ( 16.101 making a change of variable q = ip(k; t) and using equality (16.5b 

we obtain 

(6.11) 

n i u n \ r> I n n\ £ min(fc) / ^ (p ~ V?(fc; t))v? (y>(fc; t) - g) J(>(fc; £)) 
Gi(p,g;fc,0) - Gi(p,(j;0,0) = — / — dt. 



(2tt) 3 7 i 2 (i 2 + £ min (£0) 

W-r(O)) 
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Going over in the integral in ( 16. lit to spherical coordinates t = rw, we reduce it to the 
form 

n t u n\ n ( n m £ min(fc) P F(p,q;k,r) 
Grip, <B k, 0) - Gl ( P , q; 0, 0) = ^ -^—^dr, 

with 

F(p,q;k,r)= / v^(p — tp(k, ra;))« 3 {<fi(k, ruf) — q) J(ip(k, ruf))dio, 



where is the unit sphere in M 3 and duo is the element of the unit sphere in this space. 
For all p, q £ T 3 we see that 

(6.12) \F(p, q; k, r) - F(p, q; 0, 0)| < C(r e + \k\ 2 ) 

for some C > independent of p, q G T 3 . 

Indeed, applying equality j43i and taking into account that the function v? (■) is even 
on T 3 we get 



(6.13) \vi(p-t)vHt-q)-vi(p)vi{q)\ < -1- ^ |fi( a )|| e -M(M) _ i|. 

For any < 6 < 1 the inequality | e ~ 2i ('' s ) - 1| < C\t\ e \s\ e , p G T 3 , s G Z 3 holds. 
The Hypothesis 12 . 1 1 and inequality ( I6.131 l yield the inequality 

\vi{p-t)vi(t-q)-vi(p)vi{q)\ <C\t\ e , - < 9 < 1, 

for some C > 0, independent on p, q G T 3 . 

Since the function <^(fe, •) (see. ifHll ) is regular and from (16.6b we have 

\J(<f{k, r)) - .%(&, 0))| < C|r| 2 and | J(^(fc, 0)) - J(<p(0, 0))| < C\k\ 2 . 

Thus 

|F(p, q;k,r)-F{p,q; 0, 0) | < |F(p, g; fc, r)-F(p, g; fc, 0)]+] J F(p, g; k, Q)-F(p, g; 0, 0)| < 
\yi(p — tp(k, ru>))v% (<p(k, ruo) — q) — «a {p)v^ (g)|| J(ip(k, 0))\duo+ 

\v^(p— <p(k,roj))v^ (ip(k,ruj) — q)\\J((p(k,nj)) — J(ip(k,0)\duo+ 

\vHp)\\vHq)\\J(v(k,0)) - J( V (0,0))\duj < C(r 9 + \k\ 2 ). 
For any p,q E T 3 the function G\ (p, q; k, 0) — G\ (p, q; 0, 0) can be written in the form 

(6.14) G 1 (p, 9 ;M)-G 1 (p, < B0,0) = (2^j r' + W*) " 

1 T £ m i n (fc)(F(p,g;fc,r)-f , (p,«;0,0)) 



(27r) 3 y r 2 + £m . n(fc ) 

By inequality ( 16.12b for all p, g G T 3 we have 



-dr. 



(615) r n>«M-^w ,< c rj^L,, 

JO r ' &min{K) JO r > ^min("'J 

The asymptotics 

£min(fc) = h 2 +0(\k\ 4 ) as fc^O 
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yields 

1 / f £min(fc)dr 1 P k 2 dr 



k\Jo r 2 + £ min (A:) Aj Q r 2 + ife 2 
Computing the integrals 



as k -> 0. 



we obtain 

r_J*l d r _ 7raa |fe|_ f0 and r \ k ^? + \ k p dr->0as \k\ -> 0. 
Jo r 2 + ifc 2 Jo H + |fc 2 

Using equality d6.14| i and inequality d6.15t we have 

„ . _ .. Gi(p,g;fc,0)-G 1 (p, g ;0,0) 1 

— T Gi(p,g;0,0 = km — = -— q; 0, 0). 

|*|->o+ \k\ 87r 

with the continuous function F(p, q; 0, 0). Therefore the inequality 

(6.16) |G 1 ( P , ff ;fc,0)-Gi( P ,g;0 J 0)| < C\k\, keU s (0) 

holds for some positive C independent of p, q G T 3 . 

Then from J6.9I ) and ( 16.161 ) it follows that the right-hand derivative of Gi(p, q;-,0) at 
\k\ — and for all p,q E T 3 we have 

Q 111 

— G(p, q;0,0) = -— v l(p)vi{q). 

Comparing (16.91 and ( I6.16l l we get (16.71 . In the same way one can prove the inequality 
(16.8b . Then we obtain (16.4b . The part (ii) of Theorem l6.2l can be proven in the same way 
as part (i)(see also ifTTl ). 

□ 



Theorem 6.3. Assume Hvpotheses \2.1\ 

a) If zero is a regular point of h(0), then the operator w(k, 0) resp. w(0, z) is bounded 
for all k G Us{0) resp. z < 0. 

b) lfh(0) has a zero energy resonance, then the following equalities hold 

(6.17) w(k,0) = ^n^L + w 1 (k), k e C7?(0), 

and 



(6.18) 
resp. 

and 



W 2 



P(0)IIV>IIVl fc ] 



^(o)||VII 2 a 



y(o)IHK 

w/iere <y9(0) = (v^,tp), the operators W\(k) andw\(k) are continuous in k G Us(0) resp. 
W2(z) and u>2(z) are continuous in z < 0. 
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Proof. We shall prove the part of Theorem 16.31 concerning the operator w(k, 0). The part 
of Theorem l6.3l concerning w(0, z) can be proven in the same way. 

(a) Let zero be a regular point. Since the operator G(k, 0) is analytic in Us(0), compact 
and the number 1 is not an eigenvalue for G(0, 0), the operator (/ — G(k, 0)) _1 exists for 
sufficiently small \k\, k € Us(0). 

By the representation (16.4b we have 

|Hfc,0)ll < C < oo. 

b). Let the h(0) have a zero energy resonance. Denote by Po the one dimensional 
projector onto the subspace !Ko associated with ip and by Pi the projector onto its orthog- 
onal complement JCi, so that Po © -Pi = I- Let us write the operator A = A(k,0) = 
I — vzro(k, 0)i»2 in the matrix form: 

A w A n 

where A i3 = P l AP. J : "Kj -> Oii, i,j = 0, 1. 

Since G(0, 0)ip = ip, P (I - G(0, 0))Pi = 0, by Lemma|62]we have that 

A 00 = \k\(-P G 1 P Q -\k\P G 2 (k)P ), 
Aoi = |fc|(Po[-Gi-|fc|G 2 (fc)]P 1 ), 

(6.19) An = Pi(/- G(0,0))Pi - |*|i\[Gi + \k\G 2 {k)]Px. 

It is more convenient to consider the operator 

B = PAP, P := 



.4 




instead of A. 

Then from d6.19t we obtain that 

Poo = -PoGiP, - |fc|P G 2 (fc)P , 

Box = -y/\k\Po[Gi + \k\G 2 (k)]Pi, 
Bio = 5q X , 

Pn = Pi(I - G(0,0))Pi - |*|Pi[Gi + \k\G 2 {k)]P x . 
Therefore B = p(°) + B, where 



-PodPo 

P 1 (/-G(0,0))P 1 



P(°) = 

andP = 0(\k\i) as k -> 0. 

By the definition of P x the operator P = (Pi (7 - G(0, 0))Pi) _1 exists in JCi. By 
definition Po = ||^f| |~ 2 (-, ip)ip, and we obtain from (v? — <p(0) in (16.3b that 

Thus 



Now since B = (I + B(B^)~ l )B^ and B = 0(\k\i) as k -> 0, we have 
5-1 = (B(o))- 1 + O(|fc| = ) = I ?(W ^ J+0(|fc|*). 
Taking into account that w(k,0) — (A(k,0))^ 1 = PB~ 1 P, we complete the proof of 

(EG). 

Let us prove d6. 1 8b . Since r(k, 0) > for h(0) > we have w(k, 0) > I > 0. Further, 
note that 

87r(-,#0 \ = 2%/2?r(-, V)^ 



^ 2 (o)nvii 2 ifci; ^(o)hvii 

and recall the well known inequality for arbitrary positive operators A, B (see Q): \\B? 
|| < | \B — A\ 1 2 . In combination with ( 16.17b this yields 

2V27r(-»V' 



(MM)) 5 



p(o)iMivqfe 

7. Spectrum of the operator if (if) 



< C. 

□ 



Since the particles are identical we have only one channel operator H c h(K), K eT 3 
acting in the Hilbert space L^((T 3 ) 2 ) = L 2 {T 3 ) <g> L^(T 3 ) as 

H ch {K)=H (K)-V, 

where Hq(K) resp. V is defined by ( 13.4b resp. ( 13.5b . 

The decomposition of the space ^((T 3 ) 2 ) into the direct integral 

L C 2 ((T 3 ) 2 ) = J ®L e 2 {T 3 )dk 

fceT 3 

yields for the operator H c h (K) the decomposition into the direct integral 

H ch {K)= J ®H ch (K,k)dk. 

The fiber operator H^K, k) acts in the Hilbert space L^C^ 3 ) ar, d nas me form 

H ch (K,k) = h(k) + e(K - k)I, 

where / is identity operator and h(k) is the two-particle operator defined by 13.21 The 
representation of the operator H c h(K, k) implies the equality 

a(H ch {K, k)) = a d (h(k)) U [£ min (fc), £ max (fc)] + e(K - k), 

where ad{h(k)) is the discrete spectrum of the operator h(k). 

Lemma 7.1. The following equality holds 

<j(H ch (K)) 

= U fceT 3 {<Jd(h(k) + e(K - k)} U [E min (K), E max (K)], 



Proof. The theorem (see, e.g., [25]) on the spectrum of decomposable operators and above 
obtained structure for the spectrum of H c h(K, k) complete the proof. □ 
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Lemma 7.2. The following equality holds 

a(H ch (K)) = a ess (H(K)). 
Proof. Lemma 17721 can be proven in the same way as Theorem 3.2 in ||5l. □ 
Proof of Theorem l5.2l Lemma|7jT]and|22]yield the proof of Theorem l5T2l □ 

8. BlRMAN-SCHWINGER PRINCIPLE FOR THE OPERATOR H(K). 

Recall that (see (13.5b ) the operator V acting in L|((T 3 ) 2 ) has form 

Vf{k a ,kp) = {I ®v)f{k a ,kp) 
and hence the operator V' is of the form 

V?f(k a ,k/3) = (I®v?)f(k a ,kp) 

Let W{K,z) and W*(K,z), K G T 3 , z < t(K), be the operators in L^((T 3 ) 2 ) 
defined as 

W(K,z)f(k a ,kp) = (l®w(k a ,z-e(K -k a )))f(k a ,k ), 

(8.1) wi(K,z)f(k a ,k ) = (I <g> (k a , z — e{K — k a )))f(k a , hp). 

The operator W(K, z), K G T 3 , z < t(K), as related to the resolvent R c h{K, z) as 

W(K,z) = I + V?R ch (K,z)Vi, 

where R c h{K, z) is the resolvent of H ch {K), K G T 3 . 
One checks that 

W{K,z) = (I - Ro(K, z)^^ 1 

where Ro(K, z) the resolvent of the operator Hq(K). 

For z < t(K), K E T 3 , the operator W(K, z) is positive. 

LetT(K,z), KeT 3 , z < t(K), be the operator in L^((T 3 ) 2 ) defined by 

(8.2) T(K,z) = 2Wi(K,z)V?Ro(K,z)V?W?(K,z), K G T 3 , z<t{K). 
By the definition of i\T(#, z), K G T 3 , z < r(if), we have 

iV(i^, z) = —H(K)), -z > -t(K). 

The following lemma is a realization of well known Birman-Schwinger principle for the 
three-particle Schrodinger operators on the lattice Z 3 (see |f26][28l ). 

Lemma 8.1. The operator T(K, z), K G T 3 , z < t(K), is compact and continuous in 
z < t(K) and the following equality holds 

N(K,z) = n(l,T(K,z)). 
Proof. We first verify the equality 

(8.3) N(K, z) = n(l, 3i?| (K, z)VR$ (K, z)). 
Assume that u G l H_ H ( K ^(—z), i.e., ((H a (K) — z)u, u) < 3(Vu, u). Then 

(y,y) < 3(Rl(K,z)VRl(K,z)y,y), y = (H (K) - z^u. 
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Thus N(K, z) < n(l, 3i?g (K, z)VRq (K, z)). Reversing the argument we get the oppo- 

i 1 

site inequality, which proves ( 18.31 ). Any nonzero eigenvalue of Rq (AT, z)V? is an eigen- 
i i 

value for V^R§ (K, z) with the same algebraic and geometric multiplicities. 
Therefore we get 

n(l, 3i?| {K, z)VRl (A, z)) = n(l, 3V?R (K, z)V*). 
Let us check that 

n(l, 3Rl (K, z)VRl (A, z)) = n(l, T(K, z)). 
We shall show that for any u € "K 1 1 (1) there exists y S "Ktik such 

that (y,y)<(T(iif,z)y,y). Let uCtt i s i(l)i.e., 

< 3(H-R (-K»V^u,u) 

and hence 

(8.4) ((J - V?R (K, z)V$)u, u) < 2(V?R (K, z)V*u, u). 

Setting y = (I — V^Rq(K, z)V^)^u we have 

(y,y) < (2Wi(K,z)V?R (K,z)Viwi(K,z)y,y), 

i.e., (y,y) < (T(K,z)y, y). Thus n(l, z)VR$(K, z)) < n(l,T(A>)). 

In the same way one checks that n(l,T(K, z)) < n(l, 3Af (A, z)VR§ (A, z)). 
Finally we note that for any z < t(K) the operator T(K, z) is compact and continuous 
in z. 

□ 

Remark 8.2. On the left hand side of ( 18.41 i the operator V? Rq(K, z)V"^ is a partial 
integral operator, since the operator 

Vif(k a ,kp) = V£f(k a ,kp) = {I®vi)f(k a ,kp) 

is written in the coordinate (k a , kp) i.e., it is an integral operator with respect to kp . 

i i i i 

The right hand side of d8.4| ) can be written as sum of Rq(K, z)V 2 2 andV^ i?o(A, z)V 3 2 , 

where the operator V = V\ is written in the coordinate (k a , hp), i.e., it is integral op- 
erator with respect to kp. But the operators V = Vz and V = V3 in the coordinates 
(kp, k a ) constitute it is an integral operators with respect to k a and hence the operator 
2V^ Ro(K, z)V~z on the right hand side of ( I8.41 l is an integral operator. 

9. The number of eigenvalues of the operator H(K) 

In this section we shall prove Theorems 15.31 and 15.41 First we prove that the number 
N(K, 0) is finite. 

Theorem 9.1. The following equality holds 

ton "( 1 ' T ^°)) = ±1 resp. lim «hl!2l*» = ^ 
|A'ho |^05|A'|| 7T \z\-tO \log\z\\ 2tt 

where Xq is defined in Theorem \5.3\ 

Theorem |9T| will be deduced by a perturbation argument based on Lemma 4.7, which 
has been proven in (26). For completeness, we here reproduce the lemma. 
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Lemma 9.2. Let A(z) = Aq{z) + Ai(z), where Ao(z) (resp.A\{z)) is compact and 
continuous in z < (resp.z < 0). Assume that for some function /(•), f(z) — > 0, z — > 
0— one /ifli 

Urn /(z)n(A,A (z)) = /(A), 
anc/ /(A) is continuous in A > 0. Then the same limit exists for A{z) and 

lim f(z)n(X,A(z)) = l(X). 

2^0 — 



Remark 9.3. According to Lemma \9.2\ anv perturbation of the operator Aq(z) defined 
in Lemma \9.2\ which is compact and continuous up to z — does not contribute to the 
asymptotics (15.21 . 

Let the operator h(0) have a zero energy resonance ,i.e., the number 1 is an eigenvalue 
for G(0, 0) and ip is an associated eigenfunction. 

Let * : i 2 (T 3 ) -> L|((T 3 ) 2 ) be the operator defined by 

(*/)(*i J fc 2 ) = p|V(fe)/(fci) 
and : i|((T 3 ) 2 ) -> L 2 (T 3 ) be adjoint operator, i.e., 

= 7T7TT / Hk' 2 )f(kl,k' 2 )dk' 2 . 



Let A 1 / 4 be the operator of multiplication by the function 

(£ m i„(p)+e(if-p)-*r 1/4 . 
Theorem l6.3l and equality ( 18. U yield 

(9.1) W*(K,0) = ^^P-^A- 1 ^^* + W 1 (K), 

<p(0) 

resp. 

(9.2) (0, z) = h^piy A -^* + w 2 (z), 

where W\ (K) resp. W 2 (z) is a continuous operator in K £ Us (0) resp. in z < 0. 
We define the operator TW (K, z) acting in L|((T 3 ) 2 ) by 



(9.3) T«(^,z) = ^^^A- 1 /^*viR (K,z)V^A- 1 / 4 **. 

Lemma 9.4. For all K e U s (0) resp. z < f/ze operator T(K, 0) - TW(if, 0) resp. 
T(0, z) — T*- 1 -* (0, z) is a compact operator. 

Proof. From ( 19.11 ). ( 19.3b and d8.21 > we have 

T{K,0)-T (1) (K,0) = ^Mi^A-i^*ViRo(K,0)Vi W 1 (K) + 

<p{0) 

(9.4) 

+ 4 ^}^ W 1 (K)V^R (K,0)V^A-i^*+2W 1 (K)viRo{K,0)V^ WAK). 
(p{0) 
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The kernels of the operators ^/A-^*V^Rq{K, 0)Vi, V?Rq{K, 0)Vi^A~i^* and 
V* R o (K,0)vi are bounded by 

and 



\p\(p 2 + q 2 Y (p 2 + q 2 )\q\ (p 2 + q 2 )' 

respectively. 

By passing on to a spherical coordinates system one checks that the functions |p| _1 (p 2 + 
q 2 )^ 1 , (p 2 + <7 2 ) 1 1 (7 1 1 and (v 2 + a 2 )^ 1 are square integrable. By Lemma l6.3l the 
operator Wi(K) is uniformly bounded in K E Us(0). Therefore the right-hand side of 
( 19.4| > is a compact operator for any K £ Ug(Q). 

In the same way one checks that T(0, z) — T^^O, z), z < 0, belongs to the Hilbert- 
Schmidt class. 

The proof of Lemma [8TTI is completed. □ 



For all K £ U s (0) and z < we define the operator T^{K, z) : L 2 (T 3 ) L 2 (T 3 ), 

by 

(9.5) TM{K,z) = ^P^^ 1/4 ^MK,z)vHA-y\ 

V (0) 

The kernel of T^ 1 ' (K, z) in the coordinates (p, q) has form: 

gf+p,£+g)-z)-V(E , ,, 



1 (E(K,2£+p,i + q)- z)-V(l + ^(p+|) 



V 2 (0)tt 2 (£ min ( M + p ) + e (f - p) - z)i/4(£ min (2|£ + q) + e (K _ q _ g y /A 

Lemma 9.5. The discrete spectrum of T/W (K, 0) and (K, 0) resp. T/W (0, z) and 
rW(0, 2) coincides. 



Proof. According to d9.5l ) and d9.3l ) we get 

(9.6) t (1) (a:,o) = *r^(jf,o)**. 

Since any nonzero eig envalue of y*TW(K, 0)* resp. is an eigenvalue 

of vf"]/*!^ 1 ) (K , 0) as well, with the same algebraic and geometric multiplicities, and 
vj/\j>* = [ t where / is the identity operator on L2CT 3 ), we have n(l,T^(K,0)) = 
n(l,TW(K,0)). 

On the other hand is the identity operator in L2CT 3 ) and hence using equality d9.6t 
we have ad{T^(K, 0)) = Ud{T^ l \K, 0)), 

In the same way one proves that cr d (TW (0, z)) = a^(T^HO.z)). The Lemma [931 is 
proven. □ 

Lemma 9.6. The function E(K, ^j- + p, | + q) resp. £ m j n (^ +p) + e(y — p) has the 
following asymptotics 



(9.7) 



IK n K 2 

E(K, — + p i l +q ) = — + p 2 + { Piq ) + q 2 + {\p\ A ) + 0(M 4 ) + 0(|X| 4 ) - 

as K, p, g — > 
resp. 

(9.8) £ mi „(— + p) + e(- p) = — + -|- + 0(|^| 4 ) + 0(|p| 4 ), 
as K,p —> 0. 
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Proof. The asymptotics 

(9.9) e(p) = ip 2 + 0(\ P \ 4 ) as p^O 

of the function e(p) yields ( 19.71 >. The definition of £ m in(&) and the representation ( 13.3b 
gives the asymptotics 

(9.10) £mi„(fc) = Jfc 2 + 0(\k\ 4 ) as k^O, 

which yields ( 19.81 ). □ 

Denote by x<s( - ) me characteristic function of E/a(0) = {p € T 3 : |p| < <5}. 
For all K E U s (0) and z < we define the operator T^(S, ^ + \z\), on L 2 (T 3 ) with 
the kernel 

J- x(p)x(q) 

+ ^ + M) 1/4 b 2 + (p, ?) + q 2 + ^ + l*l)(¥ + ir + l z D 1/4 ' 

Lemma9.7. The operatorT^(K,0)-T^(5; resp. T^(0, z)-T^(S; \z\)belongs 
to the Hilbert-Schmidt class and is continuous in K £ Us(0) resp. z < 0. 

Proof. Applying the asymptotics d9.7t and d9.81 l one can estimate the kernel of the operator 

C[(P 2 + qT 1 + \P\-HP 2 + q 2 )- 1 + (|ff|-4 (P 2 + q 2 V + , + 1] 

M 2 IpKp 2 + r) 

and hence the operator T^(K, 0) - T (1) ((5; ^) belongs to the Hilbert-Schmidt class 
for all K € £^(0). In combination with the continuity of the kernel of the operator in 
Ke ^(O) this gives the continuity of T^(K,0) - T {1) (5; ^) in K e U S (Q). 

In the same way one checks that T^(0, z)~T^ x \8; \z\) belongs to the Hilbert-Schmidt 
class and is continuous in z < 0. 

□ 

Let 

S(r):£a((0,r),ffo)->£2((0,r),o-o), a a = L 2 (S 2 ), 
K 2 

r = 1/2 log— resp. r = 1/2 log z , 
6 



s 2 — being the unit sphere in R 3 , be the integral operator with the kernel 

2 1 



S(t;y) = 



y/3ir 2 cos hy + |t ' 
y = x - x', x, x' G (0, r), t =< £, r\ >, £, 77 S § 2 , 

and let 

S(A) : ctq — * on, A G (— 00, +00) 
be the integral operator with the following kernel 

+00 

», f r , , 1 sinh [A (arc cos 

(9.11) S(t;X)= / exp{-tAr}S t;r)dr = V . 2 ;J 

J Vo7T (1 — j^J 2 smh(7rA) 
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For \x > 0, define 
(9.12) U(jx) = (47T)- 1 / n(n,S(y))dy- 



Lemma 9.8. The function U(/i) is continuous in fi > 0, the following limit 

lim lr- 1 nOx > S(r))=^( A *) 

Remark 9.9. Tfe's lemma can be proven in the same way as the corresponding results of 
0261 . In particular, the continuity o/[/(/i) in [i > is a result of Lemma 3.2, Theorem 4.5 
states the existence of the limit 

lim V 1 n(/x,S(r)) = f/(/i). 

r^oo 2 

Lemma 9.10. The equalities 

Um n(l,rO(^)) = Ao 
|*|->o IZojgj^T] | 7T 

ant/ 

r n(l,TW(6,\z\) Ao 

hm n — rri = tt - 

1*1-0 |Zo£f|z|| 2tt 

/ioZo", where Ao is unique positive solution of the equation d5 ,3b . 

Proof. The space of functions having support in C/a(0) is an invariant subspace for the 
operator T«(<5, ^-). 

Let Trll (S, be the restriction of the operator (5, on the invariant subspace 

L 2 (U s {0)). 

The operator Trll(S, ^-) is unitarily equivalent with the operator T^ 2 ) (<5, acting in 

i2(Br)by 

6 

l /" 



7T 2 7 (3|! + ^1/4^ + (p) ?) + g 2 + 1)( 3£ + 1)1/4 



where B r = {p £ T 3 : |p| < r, r = (^-) 

The equivalence is performed by the unitary dilation 



U r : L 2 (t/ 5 (Q)) -> L a (B r ), (U r f)(p) = (^r 3/2 /(-p). 

o r 

Denote by xi(') the characteristic function of U\(0). Further, we may replace 

(3£ +1) -l/4 ( 3|l + l)-l/4 and(? 2 + (i35(z)+p 2 + 1 

by (5f )-!/*(! _ X (p)) j (2f )-V4(l _ X ( g )) and g 2 + (p, g) +p 2 , 

respectively, since the error will be a Hilbert-Schmidt operator continuous up to K = 0. 
Then we get the operator T (2) (r) in L 2 (J7 r (0) \ Ui (0)) with the kernel 

2 br 1/2 M- 1/2 

V3vr 2 <Z 2 + (p, g)+P 2 ' 
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By the dilation 

\K\\ 



M : L 2 (U r (0) \ J7i(0)) — > L 2 ((0, r) x a ), r = 1/2| log 



6 " 

where [M f)[x, w) = e 3x ^ 2 f(e x w), x S (0, r), u> G § 2 , one sees that the operator 
T^ 2 \r) is unitary equivalent to the integral operator S(r). The difference of the opera- 
tors S(r) and TW(<5, -^-) is compact (up to unitarily equivalence). Hence Lemma l9~8l 
yields 

lim „ ■ 'n " =U(1). 
\K\->o \log\K\\ 

It is convenient to calculate the coefficient U(l) by means of a decomposition of the oper- 
ator S(y) into the orthogonal sum over its invariant subspaces. 

Denote by Li C L2(S 2 ) the subspace of the harmonics of degree I = 0, 1, • • • . It is 

oo 

clear that L 2 (S 2 ) = ®L>U dimi; = 2Z + l.LetP; : L 2 (S 2 ) -> L\ be the orthogonal 

1=0 

projector onto L;. The kernel of Pi is expressed via the Legendre polynomial Pi(-) : 

2/ 4- 1 

m,v) = -±-Pi(<Z,v>)- 

The kernel of S(y) depends on the scalar product < £,r/ > only, so that the subspaces L/ 
are invariant for S(y) and 



S(y)=5>(S%)<8 Pi), 

1=0 

where !v'' (y) is the multiplication operator by the number 
(9.13) = 2tt / Pl(t)S(t; V )dt 



l 



in the subspace of the harmonics of degree I, and P;(t) is a Legendre polynomial. 
Therefore 

oo 

n(p, S(y)) = J^i 21 + 1)«CM, S (0 (y), P > 0. 

By ( 19.111 ) we first calculate 5 (0) (y) : 

l 

= -| | 1_L_ = ^ = ,/ / : s.:r: 



sin%(orcco£(|^ _ Q Q _i sinhfy 
[ sinh(7ry)^l-^2 



y cosh l^y 



2tt 



It follows from d9~T2l > and d9~T3l ) that 

U ^ = h J "»(i.S (0) (i/))dy = ^ 

-°° SC°)(A)>1 
In the same way proves the second statement of Lemma 19.101 Lemma |9.10| is proven. □ 

Proof of Theorem IOJ Lemmas l9~2l l94l [931 [9/7] and l9~Tol yield the proof of Theorem 
M 
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Proof of Theorem l5.3l and l5l4l Let the conditions of Theorems l5 . 3l and l5 .4l be fulfilled. 
Then the proof of Theorems l5.3l and l5.4l concerning the asymptotics of the number N(0, z) 
resp. N(K, 0) of eigenvalues follows from Lemma lOl and Theorem |9.1| 

Now we shall prove the finiteness of N(K, 0), K G C/°(0). 

For any K e U$(0) the kernel T^(S, ^-;p, q) of TW(5, ^-) estimated by 

\T^{S,^-,p,q)\<j^, KeUg(Q), 

i.e., T (1) (<5, belongs to the Hilbert-Schmidt class. 

One concludes from Lemmas |9.41 19. 5| and |9.7| that the operator T(K, 0) splits in to the 
sum of two compact(up to unitarily equivalence) operators 

T(K,0) =T( 1 '(X,0) + f (K,0), K€U$(0). 

Applying Lemma lOl and Weyl's inequality 

n(Ai + A 2 , Ai + A 2 ) < n(Ai, Ai) + n(A 2 , A 2 ) 

we have 

AT(if,0) = n(~ T«(^,0))+n(i T(if,0), if e C/ 5 (0). 

□ 
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